Explicit formulae for spectral norms of circulant-type matrices with
  some given entries by Zhou, Jianwei & Jiang, Zhaolin
1 
 
Explicit formulae for spectral norms of circulant-type matrices with some given 
entries  
J.W.Zhou*, Z.L.Jiang 
Department of Mathematics, Linyi University, China 
*Corresponding author: jwzhou@yahoo.com 
Abstract 
In this paper we investigate the spectral norm for circulant matrices, whose entries are modified 
Fibonacci numbers and Lucas numbers. We obtain the identity estimations for the spectral norms. 
Some numerical test results are listed to verify the results using those approaches. 
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Introduction 
The Fibonacci and Lucas sequences  and  are defined by the recurrence relations 
 
 
 
and 
 
 
 
If we start from , then the Fibonacci and Lucas sequences are given by 
 
 
 
 
 
In (Kocer, Tuglu and Stakhov,2009), Their Binet forms are given by 
 
 
 
 
 
 
 
There is a large class of identities in the construction as the following two tables. The following 
identities for the Fibonacci numbers are well known in previous work by the authors (Akbulak and 
Bozkurt, 2008; Benoumhani, 2003; Melham, 1999; Ipek, 2011): 
Table 1. The Fibonacci number identities of type  
 
 
                                                                          
                
                                                
 
                                      
 
               
                                           
 
 
                  
2 
 
 
Applying  and the identities of Fibonacci numbers in above table, we deduce the 
sum formulates of Lucas numbers as following: 
 
Table 2. The Lucas number identities of type  
 
 
                                                                                  
                
                                                            
 
                                   
 
                                                               
 
 
                                      
  
 
            
 
 
 [Stallings and Boullion,1972] A circulant matrix is an   complex matrix with 
the following form: 
 
 
 
 
 
 
 
 
 
The first row of  is , its -th row is obtained by giving its -th row a right 
circular shift by one positions. 
 
 [Akbulak and Bozkurt,2008]The spectral norm  of a matrix  with complex 
entries is the square root of the largest eigen-value of the positive semi-definite matrix : 
 
 
where  denotes the conjugate transpose of . Therefore if  is an  real symmetric matrix or 
 is a normal matrix, then 
 
 
 
where   are the eigen-values of . 
1BThe identity estimations for spectral norms 
We give the main theorems of this paper in the following parts. 
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 As we all known,  is normal. Combining with Definition 2, the spectral radius of  is 
equal to its spectral norm. Furthermore, applying the irreducible and entry-wise nonnegative 
properties, we claim that  is equal to its Perron value.  
 
We set an -dimensional column vector , then 
 
 
 
Obviously,  is an eigen-value of  associated with the positive eigen-vector , which is 
the Perron value of . Employing the identities of Fibonacci numbers in Table 1, we have 
 
 
 
This completes the proof. 
 
 
 
 Using the same techniques of  Theorem 1, the normal matrix  is irreducible and entry-
wise nonnegative, so, the spectral norm of  is the same as its Perron value. Let 
 
, 
 
then . As  is an eigen-value of  associated with the positive 
eigen-vector , which is equal to Perron value of . Combining with the identities of Fibonacci 
numbers in Table 1, we obtain  
 
 
 
which completes the proof. 
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  Obviously,  is normal. By Definition 2, we declare that the spectral radius of  is equal 
to ,  Furthermore, applying entry-wise nonnegative properties and 
column sums of  are constant. By Lemma 1, we obtain 
 
 
 
Employing the identities of Fibonacci numbers in Table 1, we have 
 
 
 
Furthermore, we give some theorems without proofs, which can be proved with the same 
approaches as the above theorems. 
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2BNumerical examples 
 
 In this example, we give the numerical results for  in following Table 3. 
 
Table 3. Spectral norms of  
 
 
                                                        
                
                                                                                     
 
                                                                    
 
                                                                   
 
                                                
 
                                           
 
 
The above results demonstrate that the identities of spectral norms of  hold. 4B 
3BConclusions 
This paper had discussed the identity estimates of spectral norms for some circulant matrices, which 
are listed by explicit formulations. It is an interesting problem to investigate properties for circulant 
matrices with certain modified Fibonacci numbers and Lucas numbers, including norms, 
determinants, inverses, and so on. 
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